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We examine some noncommutative spherically symmetric spaces in three space dimensions. A 
generalization of Snyder's noncommutative (Euclidean) space allows the inclusion of the generator 
of dilations into the defining algebra of the coordinate and rotation operators. We then construct a 
spherically symmetric noncommutative Laplacian on this space having the correct limiting spectrum. 
This is presented via a creation and annihilation operator realization of the algebra, which may lend 
itself to a truncation of the Hilbert space. 



I. INTRODUCTION 

Over the last two decades or so noncommutativity of 
space coordinates has become a much persued avenue of 
research [l[ and is widely considered a promising can- 
didate for physics beyond the Planck scale As 
well as its use in regularization of quantum field theories, 
noncommuting coordinates have also appeared naturally 
within string theory [a, M and in physical systems with 
strong magnetic fields [7H10|. 

A closely related development is that of fuzzy physics 
(see ll[ for a review of certain aspects) where finite ma- 
trix algebras are used to approximate the algebra of func- 
tions on a manifold. Action functionals built from these 
matrix algebras provide an alternative to lattice actions 
in the regularization of field theories and are especially 
natural for field theories on noncommutative spaces. The 
archetypical fuzzy space is the fuzzy sphere [l2Hl5l ] but 
many other spaces have been studied such as the fuzzy 
complex quadrics [161 ]. fuzzy complex projective spaces 
[17h19| and the fuzzy Grassmannians [20|, [2l| . Any man- 
ifold which can be generated as the coadjoint orbit of a 
compact Lie group should have a fuzzy description but it 
is not a necessary condition [22|. For example, Lizzi et al. 
[23l [24j have described the fuzzy disc and its spectrum in 
some detail (see also [Hj])- The construction relies upon 
a projection operator, which is applied to the algebra of 
functions of the noncommutative plane and for which, 
the creation and annihilation operator description of the 
NC plane allows a particularly simple form. 

In this note, we will present the first step in gener- 
alising this to three dimensional space by using a cre- 
ation and annihilation operators description of a spheri- 
cally symmetric noncommutative space and an appropri- 



ate Laplacian. Hammou et al. [26j have also used an os- 
cillator and projection operator construction to describe 
a foliation of fuzzy spheres and a discrete radial deriva- 
tive. Moreno [13] took a similar approach in the context 
of spherically symmetric monopoles. Here, we will main- 
tain noncommutativity in all directions. See 28] for a 
discussion of the 4d case in the context of black holes. 

After a general discussion of matrix elements in section 
HIl a realisation using creation and annihilation operators 
is presented and in section HVl applied to Snyder's non- 
commutative space [29]. In fact, the realisation describes 
all spherical symmetric noncommutative spaces defined 
by Snyder-like commutation relations i.e. by an algebra 
containing only the coordinates and the generators of ro- 
tations with only the coordinate commutator modified 
(see equations ([53])). 

In section [V] we generalise the algebra and postulate 
additional commutators with the generator of dilations. 
The Jacobi identity then requires a particular choice to 
made, which means that the algebra is isomorphic to the 
Euclidean algebra e(3). A candidate Laplacian is then 
presented with the correct continuum spectrum and anal- 
ogous zero modes. Some of its properties are given. 



II. SPHERICAL TENSOR OPERATORS 

We take for noncommutative coordinates the Hermi- 
tian operators, JQ ,i = 1,2,3. Spherical symm etry of 
the noncommutative space they describe imposes [30( 



[Jit Xj] — i^ijkXk 



(1) 

(2) 
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where Ji , i — 1, 2, 3 are the generators of rotations. This 
is precisely the definition of a spherical vector operator. 
Writing f£ = X 3 and f * x = T^X ± = T^(Xi ± iX 2 ) 
, the matrix elements of such an operator are given by 
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the Wigner-Eckart theorem [3l| as 

(n,j,m\T e \n ,3 ,m) = C J m / em ^JTT ' ^ ' 

up to the unknown functions, the reduced matrix ele- 
ments, (n,j — 1 1| T || n' , j) and (n, j \\ T 1 \\ n' , j), which 
do not depend on the label e, and where 



C l J^, m = (l',m';l",m"\l,m) 



(4) 



are the Clebsch-Gordan coefficients. The indices n and 
n! represent any other quantum numbers which may ap- 
pear on specificing the commutators amongst the coordi- 
nates Xi. However, if we suppose that the algebra closes 
without any additional generators i.e. if the remaining 
commutator takes the form 



[Xi, Xj] = ieijk(aJk + (3X k ) 



(5) 



then we will see that the representations of the algebra 
and hence the Hilbert space are labelled by the eigenval- 
ues of two Casimir operators, which we suppress here, 
and by j and m.[32[ Therefore we have defined the 
Hilbert space in terms of the orthonormal basis [331] 



T = {\j,m) : 2j G N, m = 



(6) 



The Clebsch-Gordan coefficients tell us that the coordi- 
nate operators only raise or lower the eigenvalue j by 
f. Therefore, we can restrict T to contain only cither 
integer or half-odd- integer values of j. 

For the fuzzy sphere (see [ll[ and references therein), 
the coordinates are taken to be proportional to the gener- 
ators of SU(2), which is the universal cover of the rotation 
group and we have ( j — 1 1| Xi \\ j) = 0. There is then a 
finite matrix algebra associated to each irreducible repre- 
sentation of su(2). Without such a simple identification, 
it is more difficult to arrive at a fuzzy (i.e. finite matrix) 
description. To obtain operators that can be represented 
by finite matrices, we need to restrict ourselves to a sub- 
space of the Hilbert space T: 

Fjo-.n = {\j,m) : j = jo,j + l. . . ji, m = -j.. . j} (7) 

with 2jo,2ji,ji — jo € N. For generality, we have also 
included a lower bound jo- For the operators themselves, 
this either means using a projection 



symbols converge to a step function in the radial coordi- 
nate in a certain limit. A sequence of finite algebras can 
be defined by applying the projectors to the full infinite 
dimensional algebra, — p( N ' > AP( N \ Our goal here 

is to begin the extension of this procedure by describing 
a noncommutative algebra built from the three rotation- 
ally covariant coordinate operators and the Hilbert space 
it acts on, in such a way that may allow a similar proce- 
dure. 

Before proceeding, let us first note the following facts. 
Using the matrix elements ([3|), we can calculate the 'ra- 
dius' R 2 = X 2 



Xj to find 



R 2 



\j,m) = 



2.7 



(9) 



where dj = (j 



l\\T l \\j) and b, = (jW^Wj). For the 
projected case, we would have dj = 0, dj 1+ i = 0. 
The angular Laplacian is given by 



A = £[4 [4 -]]=i 2 



(10) 



where JiXj — JiXj — Xj Ji and it is easy to see that 
AXi = 2Xi. Observe that the Ji and hence A commute 
with any rank operator whose value on | j, m ) does not 
depend on m, 



[J%> U] =0 if U\j,m)=u(j)\j,m) 



(11) 



The operator R 2 is of this form. Such operators pro- 
vide a map under left and right multiplication amongst 
rank 1 tensor operators, such as the coordinates, so that 
for two rank operators U and U', I \,l ' is another 
rank 1 tensor operator. It is then clear that the algebra 
A, generated by the coordinate operators Xi can be de- 
composed into eigenspaces of the angular Laplacian. A 
general operator M <E A can be described by the expan- 
sion 



(12) 



l=Q m=-l 



where $f m are suitably normalised rank I spherical ten- 
sor operators, often called polarization tensors in this 
context, with d representing any degeneracies and the 
Cd,i,m are coefficients in the expansion. We will describe 
the operators ^>f m in a little more detail later. 



E E 



\j,m) {j,m\ 



(8) 



(and operators PXP) or, equivalently, choosing ( j — 1 j 
T 1 || j) =0 for j = jo and ji + 1, the matrix elements 
of the coordinates and their products being the same in 
either case. Lizzi et al. used such a procedure to de- 
scribe the fuzzy disc 0, H3] • Using the coherent state 
picture of the noncommutative plane, they introduced a 
sequence of projection operators, P( N >, whose Berezin 



III. OSCILLATOR DESCRIPTION 



We introduce creation and annihilation operators, a a 
and ajj, a = 1, 2, satisfying [a a , at] = Sp and a a | 0) = . 
The Hilbert space T may then be described by the Fock 
space spanned by the normalised states 



1 



\ni,n 2 . 



y/niln 2 



(a\) ni (4) n2 10>, m,n 2 eN 



(13) 
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The angular momentum operators are given by the 
Schwinger construction as Ji = a^^)'*^' 3 and a ba- 
sis better suited to them is given by 



\J,m) 



with j = 0, i . . . , 



-5^(J_y- m (al) 2 ^|0) (14) 
m = —j, ... j and where iVj' )m = 



(j+m)! 



(2j)!(j-m)! an< ^ J± = J\± 1J2 ■ The labels j and to are 
given by the eigenvalues of J 2 and J3 respectively: 

J 2 |j,to) = \n{N + 2)\j,m) =j(j + l)\j,m) , (15) 



^3|i,TO) = m\j,m) 



(16) 



We also consider terms quadratic in both the creation and 
annihilation oscillators and present the following formu- 
lae 



J± 


j,m) 


= Vti Tm)(j±m- 


H) 


j, TO ± 1 ) 




(17) 


44 


j,m) 


= V(J 


+ TO + l)(j ~ 


m - 




) 


(18) 


aV 


j,m) 


= VU 


+ m )(j — m ) 


1.7- 


1, to) 




(19) 


a\a\ 


j,m) 


= V(j 


+ TO+l)(j + 


to - 


-2)|i + l, 


m 


+ 1) 
(20) 


44 


j,m) 


= V(j 


-TO+l)(j- 


to - 


-2)|i + l, 




-1) 
(21) 




j,m) 


= vu 


+ m )(j + TO - 


-1) 


j-l,m- 


1) 


(22) 


a 2 a 2 


j,m) 


= VU 


— m)(j — to - 


H) 


j - 1,to4 


■1) 


(23) 



From the previous section we know that all rank 1 Hcr- 
mitian tensor operators Xi, [Ji, Xj] = ie^kXk can be 
written as 

X 3 = aVC*(iV) + A(N)J 3 + &{ft)a\e& 
X_ = -a l a l C(N) + A(N)J_ + C* t (iV)44 ( 24 ) 
X+ = a 2 a 2 C(N) + A(N)J+ - & (N)a{a\ , 

for two functions of the number operator N — a' a a a , 
C(N) and A(N), related to the reduced matrix ele- 
ments of the previous section. The to dependence of the 
Clebsch-Gordan coefficients is precisely that of equations 



(IT7l) to (|23l) . Different choices of the operators C(N) and 
A(N) lead to different commutators of the coordinate op- 
erators Xi. For the fuzzy sphere a common choice is 



C(N) = , A(N) = 



N(N + 2) 



(25) 



and the algebra generated, A, (acting on J 7 ) is a direct 
sum of fuzzy sphere algebras of different cut-offs. 

Such quadratics terms are used for example to form 
the (Sp(6, R) component of the) dynamical group of the 
harmonic oscillator [3l| but in this case the coefficients 
are trivial. In the next section, will find the functions 
C(N) and A(N) that give rise to the commutations re- 
lations of so(4), so(3, 1) and e(3). The case of so(4) has 
of course a simpler description in terms of two sets of 
Schwinger oscillators a a , a^ a and b a , 6^, a = 1,2, due 
to the isomorphism so(4) = su(2) © su(2). Here, how- 
ever, the realization is more general and can be applied 
to so(3, 1) and e(3). See [18[ for another case, where 
a number operator dependent coefficient is necessary to 
obtain the appropriate commutation relations. In that 
case the Heisenberg algebra is satisfied by composite os- 
cillators made up of the antisymmetric product of several 
creation or annihilation operators and a non-trivial coef- 
ficient. 



IV. THE SNYDER ALGEBRA 

In this section we will review the (Euclidean) Snyder 
algebrafU [H 



[Ji, J j] — i^ijkJk j 

[Ji, Xj] — ieijkXk , 
[Xi, Xj] = iOtijkJk 



(26) 
(27) 
(28) 



and apply the previous realization to it. Here, 9 e K 
is the deformation parameter with dimensions of length 
squared. 

We can determine the operators A(N) and C(N) by 
comparing the last of these commutators with the com- 
mutator satisfied by the operators X± of equations (|24|) 
above (the remaining commutators are easily given by 
the action of j) : 



[X-, X+] = 2 ((N + 3)\C(N + 2)\ 2 -(N- 1)\C(N)\ 2 - i(7V) 2 ) J 3 (29) 

+ a 1 a 2 C(N) ((N - 2)A(N - 2) - (N + 2)i(iV)) + ({N - 2)A(N - 2) - (N + 2)i(iV)) a\a\ . 
We also present the general 'radius' formula 

X 2 = -(N + 2){N + 3)\C{N + 2)| 2 + ^N(N - 1)\C{N)\ 2 + jN(N + 2)A(N) 2 (30) 
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and the contraction with the angular momentum opera- 
tors, 



J • X = X ■ J = -N(N + 2)A(N) . (31) 



The Euclidean algebra 

Let us first consider the case 8 — 0. Then the op- 
erators Xi commute and we arrive at an infinite di- 
mensional representation of the algebra of the Euclidean 
group E(3) (formally identical to the group of rotations 
and translations) |35| 



[X u X,} = , 
[Ji, Xj] — itijkXk 

\Jii Jj\ — ^t-ijkJk • 



(32) 
(33) 
(34) 



Representations of this algebra are labelled by the eigen- 
values of the Casimirs X 2 and X ■ J, while the Hilbert 
space carrying the representation can be labelled by 
the eigenvalues of the mutually commuting operators 
X , X ■ J, J , J 3 . 

Let us choose the operators C(N) and A(N) such that 
the coordinate operators ([24]) commute over T . We find 



A(N) = , C(N) 



re 



i8(N) 



(N — 1)(N + 1) 



(35) 



with < r e R . A basis for T is then given by | r, j, m) . 
The Casimirs X 2 and X ■ J have eigenvalues r 2 and 
respectively. Clearly, we do not have access to all the 
representations . 

Let us raise the lower angular momentum lower bound 
from to jo = I A 1 1, with 2/i G 7L as before and we denote 
the Hilbert space Tj Qf00 . We must therefore impose the 
additional condition C(N) \jo,m) = so that J} ,oo is 
closed under the action of the coordinate operators. Ex- 
amining the commutator (1291) , the only possible choice is 
found to be 



A(N) = , 4 f r 

N(N + 2 

C{N) = re l§ ^ 



N 2 - 4fi 2 



(N- 1)N 2 (N + 1) 



for which we find the Casimir eigenvalues 



X \fi,r,j,m) 
X ■ J\n,r,j,m) 



r \fj,,r,j,m) 
fir\n,r,j,m) 



(36) 
(37) 



(38) 
(39) 



Thus we have a realization of the all the infinite dimen- 
sional representations of e(3) . We may think of the eigen- 
value r as the classical radius, as it the eigenvalue of X 2 



when 9 = 0. The Hilbert space basis can be normalised 
so that 



(lj,',r',j',m'\iJ l ,r,j,m) = S(r - r')^/%/(5 ro „, . 



(40) 



while the phase e 10 ^ is arbitrary and can be absorbed 
by the creation and annihilation operators. The corre- 
sponding completeness relation is 



r|r,/z,j,TO) {r,n,j,m\ 



(41) 



The special orthogonal algebras so(3, 1) and so(4) 

If 8 < 0, then the Snyder algebra is isomorphic to 
the non-compact algebra so(3, 1). We again attempt to 
choose the operators C(N) and A(N) in order to obtain 
a representation of the algebra over Tj 0jao . An infinite- 
dimensional (bounded below) representation for so(3, 1) 
is specified by choosing 



A(N) = 



C(N) 



■ifj,r 



N(N - 



m) {At 2 - 8N 2 )(N 2 V) 
V A(N- 1)N 2 (N + 1) 



which gives 



X 2 = — N(N + 2) + 6»/i 2 + r 2 
X ■ J = fir . 



(42) 
(43) 



(44) 
(45) 



Here, like for e(3), r is a (non-compact) real non-negative 
parameter, while jo = is a whole or half integer. Thus, 
the noncommutative radius X 2 increases with angular 
momentum. Note also that for a given representation 
(fixed values or fi and r) its spectrum is discrete and 
that if fir = then the usual condition J ■ x = x ■ J = 
is satisfied. 

Recalling that 8 is the noncommutative parameter, it 
is tempting to think of the operator X 2 as a 8 and an- 
gular momentum dependent modification to the classi- 
cal radius-squared, r 2 . For fixed eigenvalue of the non- 
commutative radius, x 2 and negative 8, there are finitely 
many associated classical radii and angular momenta 

(r 2 ,j) : (x 2 + 8(\fi\ + l), \fi\), . . . (r 2 mm , Jmax ) , (46) 



where j max is the largest value of j of such that x 2 — 
8{fi 2 - 1) + 8j(j + 1) > and r 2 mm = x 2 - 8{fi 2 - 1) + 
Ojmaxtimax + !)■ The number of states associated to the 
noncommutative radius is an increasing function. How- 
ever, it increases in steps due to the previous inequality. 
The situation is reversed for positive 8; for fixed classical 
radius r, there are finitely many associated noncommu- 
tative radius values. 
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However, we must be more careful when 9 is positive, 



as 



\C(N)\ 2 = 



(4r 2 - 6N 2 )(N 2 - 4^ 2 ) 
4(N- 1)N 2 (N + 1) 



(47) 



can become negative. We require a maximum value of j 
(recall that the eigenvalue of TV is 2j), j\. Furthermore, 
in order to remain inside the subspace J~j j 1 , the con- 
dition C(N) \fi,r,ji + 1, m) = must be imposed. We 
therefore find that r must take the value V&(ji + 1) . 
Representations and hence labelled by two discrete pa- 
rameters \x and ji . We have 



A(N) 



C(N) 



^Vejji + 1) 

N(N + 2) 



jm / g(40- 1+ l)2-jV2) ( jV2_ V) 



4(N - 1)N 2 (N + 1) 



(48) 



(49) 



Thus, we have a finite dimensional representation of di- 
mension ji — + 1 . This is not surprising since, when 
6 > 0, the algebra ([26)) is isomorphic to so(4) = su(2) © 
su(2). The basis for these two commuting su(2) algebras 
are given by U = {J l + ^X l )/2 and L[ = (J l -^X i )/2. 

Note that in contrast to the standard su(2) su(2) 
picture, where two sets of oscillators a a , a* a and b a , 6* , 
a = 1,2 are used and are associated with each copy of 
«i(2), U = 4(f ) Q /3 a /3 i'i = &iL(f ) a pb? , here we use 
only one set and have terms quadratic in both creation 
and annihilation operators. The matrix elements in this 
so(4) formalism are well known however |36|. 

We label the Hilbert space by \n,j\, j, m ) and find that 



(50) 
(51) 

(52) 
(53) 



X z = \ --N(N + 2) + On 2 + +l)^-i 

x ■ j = (iVe(ji + 1) 

The two Casimirs are 

L' 2 = ^(ti-h)(fi-h-2) 



Observe that in this case the spectrum of X 2 decreases 
with j. Hence, higher angular momentum is associated 
with a smaller noncommutative radius. To recover the 
continuum limit and obtain a infinite dimensional repre- 
sentation of the Euclidean algebra, we take 8 — > and 
ji — > oo in such a way that v9(ji + 1) remains a con- 
stant. Hence r = \6{j\ + 1) is again referred to as the 
classical radius. 

The question of the Laplacian might now be consid- 
ered. However, we require an analogue of the continuum 
radial derivative and to this end, in the next section, we 
shall modifying the Snyder algebra so that it can be ex- 
tended with the generator of dilations. In the continuum, 
this generator is composed of the radius and its deriva- 
tive. 



V. GENERALISING SNYDER'S ALGEBRA 

Let us now return to the modification the Snyder al- 
gebra introduced in (fTJ), ([2]) and <j5j> : 



[Ji, Jj] — i^ijkJk , 

[Ji, Xj] — i€ij k X k , 
[Xi, Xj] = ieij k (aJ k + (3X k ) . 



(54) 
(55) 
(56) 



It is easily seen that the algebra (|54|) is isomorphic to the 
Snyder algebra (1261) and so it is isomorphic to 



so(4) for a + > 
e(3) for a + ^ = 
so(3, 1) for a + 4- < 



(57) 



Once again we can find the necessary form for the oper- 
ators A(N) and C(N) to be 



A(N) 



\C(N)f 



/3N(N + 2) + 8/ir 

2N(N + 2) 
((-a - /3 2 /A)N 2 + Ar 2 ){N 2 - 4fi 2 ) 



4(JV- 1)N 2 (N + 1) 



(58) 



(59) 



while the radius is 



X 2 = --N(N + 2)-(a+f3 2 /4)(l-ti 2 )+(3 f ir + r 2 . (60) 

The representations are labelled by r > and 2/i € Z. 

The special case a — —(3 2 /A is worth special study. 
The algebra is then isomorphic to that of e(3). The for- 
mulae for the radius and C(N) simplify and in particular 
C(N) no longer depends on the noncommutative param- 
eter and contains an overall factor of r. The coordinate 
operators Xi then satisfy the property 



x, 



P 



Ji 



(61) 



The derivative with respect to the classical radius is an 
automorphism of the algebra. This hints at some further 
structure, which we will now elucidate. 

The Laplacian in three dimensions can be written in 
terms of the generators of translations, 



A = 



3 



() 2 



i dx i 

2 — 1 1 



(62) 



or alternatively, in terms of the radial coordinate and 
the generators of rotations and homogeneous dilations 
(uniform/isotropic scalings), 



A = 



I 9 

r 

1 









?) 














i 




b 2 + 




Yr 




4 





(63) 
(64) 
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where D 



dr 



) is the Hermitian generator of where 



dilations and Ji generate rotations. All these objects are 
contained in the classical similarity group of translations, 
rotations and homogeneous dilations, which has the al- 
gebra 

[J i: Jj] = itijkJk , [Ji, Pj] = itijkPk , (65) 
[pi, Pj] = , [D, Ji] = , [D, pi] = -ipi . 

Replacing the generators of translations, pi, with the co- 
ordinates themselves, leads to a formally identical alge- 
bra. 

We will then consider an enlargement of the algebra 
([51)1 by adding the, generator of dilations D, specified 
only via the commutators 



[D, Ji] = 



[D, X i ] = -i{X i + 1 J i ) 



(66) 



We have chosen to maintain our ansatz of spherical sym- 
metry and have only modified the space commutator. 
Application of the Jacobi identity provides constraints 
on the parameters a, ft and 7 



7 



2 



h 
2 



(67) 



which implies precisely the special case a = — /3 2 /4. 

Thus, an attempt to combine dilations with the Sny- 
der algebra via the previous commutators, leads one to 
modify the coordinate-coordinate commutator as in (|54p 
with a — — /3 2 /4, so that the coordinate and rotation op- 
erators satisfy an algebra isomorphic to e(3). Including 
dilations, the algebra is formally identical to the classical 
similarity algebra 



[X u X j ]=ie ijk (-?-J k +j3X k ) 



[Jit J ji — i^-ijkJk 

[b, Ji] = o, 



[Ji , Xj] — ieijkXk 
[D ,Xi] = -i(X i -^J i ) 



(68) 
(69) 
(70) 



We note that this is si mply a transformation of the clas- 
sical similarity algebra 38] (taking the classical coordi- 
nate Xi as a generator instead of f>i): Xi = X{ + ^Ji [39| . 
Furthermore, comparing the last commutator above with 
equation (foTj) . we see that our realization of the algebra 
(f54|) can be extended to the algebra (|68)l by taking 



(71) 



along with the coordinate operators 



1_ 



a 1 a 2 C(A r ) + A^Xala 1 - a\a 2 )/2 + 6^ {N)a\a\ 

(72) 



-a}a 

X + = a 2 a 2 C(N) + A{N)a\a 2 - &(N)a\a\ 



A(N) 



0(N + 2) + 8//r 



2N(N + 2) 



C(N) = r* 



N 2 - 4/x 2 



(N- 1)N 2 (N 
The noncommutative radius is 



X 2 = ^-J 2 



P\ir 



while 



We also find that 

[D, X 2 ] = -i{2r 2 
[D, X ■ J] — -ifj,r = 



/3/j.r) = -2i(X 2 
-i(X ■ J - 



^) 



(73) 
(74) 

(75) 
(76) 

X-J), (77) 
(78) 



We can consider the reducible representation of e(3) ob- 
tained by allowing r to take all values from zero to infinity 
and in this way think of the coordinates as describing a 
particle on a noncommutative space. The noncommuta- 
tive radius is related to the classical radius by d75l) . 



VI. THE ALGEBRA A AND THE LAPLACIAN 

As mentioned briefly in section HH the algebra, A, gen- 
erated by the coordinate operators can be decomposed 
into subspaces of the angular Laplacian 



1—0 m— — l d 



(79) 



The tensors tyf m are the analogue of the (smooth) con- 
tinuum functions R(r)Yi m (9, 4>) where R(r) is any ad- 
missible radial function and Yi m {9,4>) are the spherical 
harmonics. The continuum eigenfunctions with eigen- 
value -k 2 are written tpk,i,m(r, 9, 4>) = ji{kr)Y im {9, cj>) = 

3 ''^T^ Rhn(r, 9, (f>) where ji(kr) are the spherical Bessel 
functions and Ri m (r, 9, <fi) are the solid harmonics [40j. 

The solid harmonics are the solutions to the contin- 
uum Laplace equation and are, up to normalization fac- 
tors, just the traceless symmetric products of the coor- 
dinates. In the noncommutative case we are considering, 
we denote such products Ri m (X) and call them solid po- 
larization tensors. Up to a normalization, rii, they are 
written 



R lm (x) = ni vi 



■■Ji y 



■X, 



(80) 



where T 5 ^ 1 ...// is the projector onto symmetric traceless 
tensors. The index m on the left hand side of this equa- 
tion denotes the eigenvalue of J-j, (defined below), under 
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which the right hand side can be split up. Due to al- 
gebra (|6"8")) . the algebra of the coordinate operators also 

contains polynomials in the operators Yi = ~ E ^-Ji + pX^. 
Hence, the algebra is spanned by symmetric polynomials 
in Xi, Yi and eijkXjY). and basis elements are specified 
by some normal ordering prescription. We shall not dis- 
cuss these operators in more detail here, postponing it to 
future work. However, we will introduce a Laplacian on 
this algebra, discuss the zero modes and show that the 
correct continuum spectrum is obtained in the /3 — > 
limit. Clearly, we need only then consider the solid polar- 
ization tensors Ri m (X), since the other polynomials van- 
ish in the limit. The arbitrary radial dependence comes 
from operator coefficients R(X 2 ,Y 2 , X ■ Y), dependent 
on the scalar invariants (only X 2 — > r 2 is non-vanishing 
in the limit). 

Let us examine the possible terms that might make 
up the rotationally invariant noncommutative Laplacian. 
We have two basic vector operators at our disposal: Xi 
and Ji. From them, we can form the derivations on the 
algebra of the coordinate operators, A : 



^ = X\ - xf 



3i — Ji 



J 



(81) 
(82) 



where the superscripts indicate left and right actions. 
These operators satisfy the Leibniz condition and van- 
ish on the identity. The operator Ji is used to write the 
Laplacian on the fuzzy sphere, A 52 = — J 2 . So we are 

led to consider the following operators J 2 , X 2 and J ■ X. 
In that absence of an appropriate noncommutative ana- 
logue and motivated by and (fTTj) we will also include 
the possibility of r and its derivatives appearing in the 
Laplacian. 

We take the following ansatz for the noncommutative 
Laplacian, A : 



d 2 



2 d 

e— - 



dr 2 r dr f3 2 r' 



-X 1 



$2 d 



^J' + ^J-X (83) 



and choose a, 6, c, d and e such that the continuum spec- 
trum and eigenfunctions are obtained in the /3 — > limit. 
We have included a factor of in the 'angular' part to 
match the continuum and corrected the dimensions with 
factors of f3. We impose 



A(X 



2\n 



> 2n(2n+ l)r 



2n-2 



dr 2 



2d_ 

r dr 



,,2n 



A(Xi) = , 



A{X l X ] +X 3 X l --5 ij X 2 



(84) 
. (85) 



The first condition imposes a = 1 and 4e — b = 4. Ask- 
ing the coordinate operators to have eigenvalue as in 
the continuum, gives b + c + d+1 = Q and b + d + 2e = 0. 
One further condition is necessary and we choose to also 
impose that the traceless symmetric products of two co- 
ordinate operators also have vanishing eigenvalue, which 



results in only one extra linearly independent equation, 
b = -4. We find that 

a = 1, b = -4, c=— 1, d = 4, e = 0, 

(86) 

so we have 

A = -^-^ — nr> X 2 -J 2 + ' <•£ 



dr 2 f3 2 r 2 r 2 f3r* 

$L 4 (y 

8r 2 /3 2 r 2 { 1 2 Jl 



(87) 



As already mentioned, the solutions to the continuum 
Laplace equation are the solid harmonics, Ri m {X). We 
have already imposed /S.Ri m (X) = AR,2 m (X) — 0. From 
equations (IA.3I) and (|A.4[) in the appendix, we see that 
in fact all the solid polarization tensors are solutions of 
the noncommutative Laplace equation 



AR lm (X) =0 



We will not discuss the other eigenoperators of the 
Laplacian A here, postponing it for future work. How- 
ever, we give its value on the first few powers of the non- 
commutative radius and the general result up to order 
P 2 : 



A(X 2 )=6, A(X 4 ) = 20X 2 + 2f3 2 



(89) 



A(X 6 ) = 42X i + Uf3 2 X 2 ~8f3 2 r 2 -8p 3 nr + f3 A (l-n 2 ) . 

(90) 

- - B 2 
A(X 2n ) = 2n(2n + l)X 2n - 2 + l —n(n - l)X 2n - & x 

3 

({n 2 -n+ 1)X 4 - 2(n - l)(n - 2)r 2 X 2 

+ (n-2)(n-3)r 4 ) + 0(f5 3 ) . (91) 

The full expansion being derivable from equations (|75p . 
(|A.2[) and (IA.5|) . Notice the noncommutative corrections 
to the classical result. Equations ([55} and (|9ip show 
that the correct continuum spectrum (— k 2 ) and eigen- 
functions (ji(kr)Yi m (9, <j))) are obtained in the limit. 

VII. OUTLOOK 

Further work is needed to obtain the full noncommu- 
tative spectrum of the Laplacian (|5T)l . As can be seen 
from equations (|9"Tj) and (|A.5[) . the calculations are cum- 
bersome and require the use of the realization to make 
progress. In order to apply a projection to the algebra 
in the spirit of the fuzzy disc, it may be useful to work 
with coherent states, which in this case would be asso- 
ciated with the group E(3). Such coherent states have 
been constructed by Bievre [4l[ and Isham and Klauder 
42]. Applying a projection of the algebra onto a finite 
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range of angular momentum is then expected to lead to a 
finite noncommutative (phase space) algebra associated 
to a particle on a fuzzy sphere of radius r that is smeared 
out in the radial direction according to the angular mo- 
mentum of the particle as in d75t . 
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Appendix: Formulae 



In this appendix, we present the following useful formulae: 



X 2 {X l ) = -B 2 X l --^j. l 
X 2 {J t ) = 28X l - ^-J; , 



X 2 (J 2 ) = -4r' , 



J 2 {Xi) 


= 2X t , 


J ■ X{Xi) 


— zpXi 


T \Ji) 


= 2 Ji , 


J ■ X(Ji) 


= 2Xi , 


J 2 (J 2 ) 


= , 


J-X{J 2 ) 


= , 



(A.l) 



$^{X 2 ) n = n(n - + 2r) 2 (X 2 ) n - 2 + 2n(X 2 ) n - 1 , (A.2) 

or 

d 2 ~ - 1(1-1) * * * 

-^{il ' ' ' -^Qj} = 2 ^{ix^ii^-iz ' ' ' Xi t J , (A. 3) 



dr 2 



I 2 (jt {il ■ ■ -X ll} ^ = —1(1 - I) (L {il U 2 X %3 ■ ■■X il} ~ r 2 5 {ill2 X l3 ■ ■■X. ll ^j , (A.4) 

where L, = Xi — ^Ji (= X{) and similarly for Li. The {• • • } indicate symmetrization (without any factorial factors). 
The following result is most easily found by using the realization (|72|) 



y ' 4™ ^ K ' N + l N + l J 

r 2 ( ~ - (N + 2) n+1 (N + 4)™ N n+1 (N ~2) n \ 
+ L- \2N n (N + 2) n - { ^ \ _fv V_\ / Ag x 

4" I V ; N + l N+l ^ ' 



The dependence in the right hand side of this expression is expressable entirely in terms of non-negative powers of 
J 2 = \N{N + 2). 
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